A central and recurrent theme in developmental psychology is the question whether development proceeds continuously or discontinuously. This question is difficult to answer because the two types of development may be hard to distinguish. To investigate whether change is discontinuous, one requires a formal model for discontinuous development. Such a model should provide operational, empirical criteria to investigate the nature of development. The cusp model, which is derived from catastrophe theory, is a formal model of discontinuity that provides such criteria. Eight criteria, so-called catastrophe flags, can be derived from the model. Some of these flags are predicted in other models of discontinuity, but others, notably hysteresis, are unique to catastrophe theory. In the present research, it is tested whether the transition from Rule I to Rule II on the balance scale task proceeds discontinuously. The present research centers around five catastrophe flags: bimodality, inaccessible region, sudden jump, divergence, and hysteresis. Two experiments are reported. In Experiment 1, a paper-and-pencil version of the balance scale task was administered to 314 children who were 6 to 10 years old. In Experiment 2, an adapted version of the test was administered to 302 children who were 6 to 10 years old. Bimodality, inaccessible region, hysteresis, and sudden jump were clearly observed. Divergence was not observed. The presence of four of the five flags strongly supports the hypothesis that the transition from Rule I to Rule II is discontinuous. © 2001 Elsevier Science Key Words: balance scale task; discontinuous development; cusp model; proportional reasoning; child development.
contain the same amounts of water because the levels of liquid in the two containers are equal. They switch to a qualitatively different strategy when they take into account the width of the glasses or realize that a transformation, like pouring liquid from one glass to another, does not change the amount of liquid. Under the assumption of discontinuous development, the use of either strategy is hypothesized to be stable and prolonged. The transition from one strategy to the other is supposed to be sudden.
This stage-like pattern, involving a so-called phase transition, is distinct from a pattern of acceleration in a continuous growth process (Eckstein, 1999 (Eckstein, , 2000 Van Geert, 1991 , 1998 . Unfortunately, in a longitudinal setting, both patterns may look the same. For both a stage-like pattern and continuous acceleration, the change in the dependent variable will be large and will take place quickly (depending on the frequency of measurements and the speed of the acceleration). To differentiate between the developmental patterns, it is very important to have a formal model for phase transitions and empirical criteria that can be applied in research. To this end, Van der Maas and Molenaar (1992) used catastrophe theory (Thom, 1975) .
Catastrophe theory is a general mathematical theory of transitions (sudden qualitative reorganizations of the pattern of equilibrium states of a system). Catastrophe theory studies the critical points of the smooth functions, which characterize the patterns of equilibria of a broad class of nonlinear dynamical systems. Degenerate critical points, the simplest of which are points of inflexion, can give rise to discontinuities or transitions when independent variables change continuously. Catastrophe theory provides a classification of such degenerate critical points in terms of elementary catastrophes. This classification is independent of the detailed dynamical equations of the systems concerned and hence can be applied without knowing these detailed dynamics. A well-known elementary catastrophe is the cusp model. In the cusp model, which is displayed in Fig. 1 , the change in a variable depends on continuous changes in two independent variables. The α-axis represents the normal variable, one of the independent variables. The β-axis represents the other independent variable, the splitting variable. The behavioral variable, which serves as the dependent variable, is represented by the z axis. The plane defined by the normal variable and the splitting variable is called the control plane. Discontinuous change in many phenomena can be expressed in this model (Zeeman, 1976) , the freezing of water being an example. The condition of water is the dependent variable and the two independent variables are temperature (Ϸ normal variable) and pressure (Ϸ splitting variable) . For a specific range of the control variables (the folded part of the surface) more than one value of the behavioral variable is possible (Poston & Stewart, 1978) . Gilmore (1981) derived eight criteria, so-called catastrophe flags, from catastrophe theory. The flags can be applied in cognitive developmental research. Van der Maas and Molenaar (1992 Molenaar ( , 1996 applied the catastrophe
FIG. 1.
Cusp model for the transition from Rule I to Rule II on the balance scale task. The equilibria of the cusp form a three-dimensional surface. For certain values of α and β (between the bifurcation lines) two stable equilibria occur (and one repelling maximum). Increasing the variable on the α-axis results in a sudden jump in the variable on the z axis. Decreasing the variable on the α-axis results in a jump downward. The phenomenon that the jump upward occurs at a higher value of the variable on the α-axis than the jump downward is called hysteresis. When the variable on the β-axis is increased, the jump between low and high values on the z axis becomes more extreme. This is called divergence. The interpretations of the axes in terms of the transition from Rule I to Rule II are shown in italics. The interpretations are explained in the text.
flags to the development of conservation of continuous quantity. In this article, five of the catastrophe flags are applied to proportional reasoning as measured with the balance scale task. We focus mainly on the hysteresis flag because it distinguishes well between phase transition and acceleration. Hysteresis occurs when the jump from one state to another state takes place at a different value of the normal variable than the jump in the reverse direction. For instance, in perturbation free conditions, water freezes at Ϫ4°C and thaws at 0°C. We limit our discussion of catastrophe theory to certain key concepts that we require to explain our results. A more detailed account can be found in Molenaar (1992, 1996) and in general introductions to catastrophe theory (e.g., Gilmore, 1981) .
THE BALANCE SCALE TASK
On the balance scale task a child is asked to predict the movement of a balance scale. On both sides of the fulcrum, pegs are situated at equal distances from each other and from the fulcrum. Equally heavy weights can be placed on the pegs. The balance may either tip to one side or remain in balance, depending on the number of weights on both sides and on the distances at which these are placed from the fulcrum. Siegler (1976 Siegler ( , 1981 Siegler & Chen, 1998 ) used the balance scale task in a number of studies to observe the strategies that children employ, to study the effect of training on the use of children's strategies, and to study the development of one strategy to another. Siegler (1976 Siegler ( , 1981 proposed four rules (Rules I to IV) or strategies that children employ in solving balance scale items. Many experimenters have proposed alternative rules (Ferretti, Butterfield, Cah, & Kerkman, 1985; Normandeau, Larivee, Roulin, & Longeot, 1989; Richards & Siegler, 1981; Van Maanen, Been, & Sijtsma, 1989; Wilkening & Anderson, 1982) . Rule I is the least sophisticated (although even less sophisticated rules are mentioned by Chen, 1998, and Richards & Siegler, 1981) . Children who employ this rule focus only on the weights on either side of the fulcrum. When the number of weights are equal, children predict that the scale will remain in balance; when the number of weights differ, they predict that the balance will tip to the side on which the largest number of weights is placed. The next, more complex, rule is Rule II. When the number of weights on both sides of the fulcrum are equal, the difference between Rule I and Rule II becomes apparent. In this case, users of Rule II take into account the distances at which the weights are placed. When the distances are equal, the scale is predicted to remain in balance. When the distances are unequal, the balance is predicted to tip to the side on which the weights are placed farthest from the fulcrum. Children who employ Rule III always consider both the distance and the weight dimension. These children guess when there are more weights on one side of the fulcrum and the weights on the other side are placed at a greater distance. Children who employ Rule IV reason proportionally: They multiply weight by distance on both sides. These children predict that the scale will tip to the side that is characterized by the greatest product and that it will remain in balance if the products are equal. Children who employ the addition rule (Normandeau et al., 1989) add weight and distance. These children predict that the balance will tip to the side with the larger sum and that the scale will remain in balance if the sums are equal.
Siegler designed six item types: balance problems with equal amounts of weight equidistant from the fulcrum, weight problems with unequal amounts of weight equidistant from the fulcrum, distance problems with equal a Answers that scale will remain in balance. b Answers that scale will tip to side with more weights. c Guesses or ''muddles through. '' amounts of weight at different distances from the fulcrum, and three types of conflict items. Conflict items include more weights on one side but the weights on the other side are placed at a greater distance from the fulcrum. The scale will tip to the side with the greater number of weights on conflictweight items and tip to the side with the greater distance on conflict-distance items. The scale will remain in balance on conflict-balance items. With the responses to these item types, users of the various rules can be distinguished. Table 1 displays the expected proportion of correct responses to each item type, given a rule model (Siegler, 1976 (Siegler, , 1981 . Jansen and Van der Maas (1997) applied latent class analysis to data obtained using the balance scale task and concluded that children do indeed use rules or strategies when solving balance scale problems. Their results provide evidence for the use of Rule I and Rule II, among others.
A CUSP MODEL FOR THE TRANSITION FROM RULE I TO RULE II ON THE BALANCE SCALE TASK
To study whether the transition from Rule I to Rule II takes place discontinuously, we have chosen to study whether the cusp model provides an accurate description of this transition. To this end, we have to formulate a cusp model for the transition and to choose an interpretation of the three variables in the cusp model. We define the number of correct responses to a set of distance items as the dependent variable in the cusp model. This variable is represented by the z axis in Fig. 1 . The model shows two stable states of behavior: Children either succeed or fail on all distance items. This behavior gives rise to the catastrophe flag called bimodality. Bimodality is expressed in the bimodal distribution of the responses to the distance items. The middle sheet (dark area of the surface in Fig. 1 ) is the so-called inaccessible region. This area represents inaccessible states in which performance on a set of distance items is intermediate. According to the model, such interme-diate behavior is not observed; that is, children are not expected to answer some distance items correctly and other distance items incorrectly. Their responding should be all (correct) or none (incorrect). The bimodality and inaccessible region criteria are interrelated. If a distribution is found to be bimodal, the region between the two modes is inaccessible. Figure 2 research, in children's responses to balance scale problems. The bimodality and the inaccessible region flags are illustrated in the upper panel of Fig. 2 . The frequency distribution shows the distribution of the number of correct responses to three distance items. The distribution shows modes at ''none correct '' and ''all correct.'' The change in the dependent variable is caused by the continuous and smooth alteration of the two independent variables that are represented by the normal axis and the splitting axis. Increasing the variable on the normal axis results in an improvement in performance. The exact nature of this variable is unknown, but several interpretations can be found in the literature. Siegler (1976) and Siegler and Chen (1998) suggested that one of the factors that may influence the level of solving balance scale problems is the ability to encode the relevant dimensions. They reasoned that the use of the dimension ''distance'' in a strategy presupposes that the dimension is encoded. They suggested that children who employ Rule I do not observe this distance dimension. When trained to take note of the dimension, children were more likely to use it in their strategies to solve the problem (Siegler, 1976) . Because the ability to encode the distance dimension cannot be manipulated directly, we manipulate it indirectly by varying the characteristics of the stimulus material. Salience of the distance dimension increases when the difference between the distances at which the weights are placed increases. For example, when the weights are placed on the first peg to the left of the fulcrum and the weights are placed on the second peg to the right, the distance dimension is less salient than when the weights to the right side are placed on the fourth peg from the fulcrum. We expect that children who only focus on the weight dimension start to take note of the distance dimension when the dimension becomes more salient and use the dimension for solving the problem. This factor, ''distance difference,'' may account for the finding that children employ a more complex rule when the product (weight ϫ distance) difference between both sides of the fulcrum is greater (Ferretti et al., 1985) because a larger product difference is implied by a larger distance difference.
The ability to encode distance corresponds to the normal variable in the cusp model. When this variable is increased, by increasing the distance difference, children are expected to display a transition from the use of Rule I to the use of Rule II. This transition is expressed in the sudden jump to higher performance on distance items. In Fig. 1 , the vertical line that connects the lower plane with the higher plane indicates the sudden jump. When distance items with an increasing distance difference are presented to subjects, it is expected that they start giving correct answers at a certain level of distance difference, say C. For instance, if the distance difference is increased from 1 to 5 in five distance items, a sudden jump pattern can be 00011, where 0 refers to an incorrect response and 1 refers to a correct response. In the middle panel of Fig. 2 , the sudden jump takes place at a distance difference of 4. When the normal variable is decreased, hysteresis is observed. Hysteresis occurs when the jump to the lower plane occurs at a smaller value of the normal variable than the jump to the higher plane. When distance items with decreasing distance difference are presented after distance items with increasing distance difference, it is expected that subjects jump back to the incorrect response at a level of distance difference, for instance, when the distance difference equals D, which is smaller than C (D Ͻ C ). For instance, if the distance difference is first increased in 5 distance items (see above) and then decreased from 5 to 1 in four additional items, a hysteresis pattern can be 0001111100. The middle panel of Fig. 2 illustrates this response pattern. The jump upward takes place at a distance difference of 4, whereas the jump downward takes place at a distance difference of 2. Hysteresis is an important and sufficient flag for discontinuous development, but it is difficult to detect. Research in perception (e.g., Ta'eed, Ta 'eed, & Wright, 1988) has shown that it is difficult to detect this flag with adults (using the Necker Cube). Figure 1 shows that the jump from low to high performance on distance items should be absent for small values of the splitting variable. The behavioral variable changes continuously and intermediate scores (associated with the inaccessible region) are possible. Larger values of the splitting variable (in the front of the cusp model) cause a more extreme bimodality in the distribution of the scores on the dependent variable and fewer scores in the inaccessible region. This phenomenon is called divergence. For the balance scale task, we define the splitting variable as the number of weights placed on the balance on distance items. Enlarging the number of weights may increase the salience of the weight dimension. Users of Rule I may become more convinced of the correctness of their strategy for it is based only on comparing the number of weights on the two sides of the fulcrum. However, children who employ Rule II may also be encouraged to use this rule. If additional weights are placed on the balance, these children are expected to express a greater conviction that the balance will tip to the heaviest side because the difference between the sides is greater. This polarization should result in the characteristic effect of the splitting variable, namely divergence. The lower panel of Fig. 2 shows an example of a manifestation of the divergence flag. Suppose that the distance difference is constant and that the number of weights is small in a set of three distance items and large in a another set of three distance items. The frequency distribution on the left of Fig. 2 shows the distribution of the sum scores for the items including a small number of weights, whereas the frequency distribution on the right shows the distribution of the sum scores for the items including a large number of weights. Both distributions are bimodal, but the left distribution is less pronounced than the right distribution. The findings of Ferretti et al. (1985) support this hypothesis. If the number of weights on the balance is increased, the product difference between the sides of the balance also increases. Fer-retti et al. observed that if the product difference is increased, children are more likely to use a more advanced rule.
Although we are not sure that the splitting axis in the cusp model represents the number of weights and that an increase in the number of weights will result in the divergence effect in the performance on distance items, this variable was studied in our research. Divergence can be investigated independently of hysteresis by manipulating the number of weights on distance items while keeping the distance difference constant.
RELATION OF CUSP MODEL TO OTHER MODELS OF DISCONTINUOUS GROWTH
Development of cognitive abilities has been modeled via several other formal models. Below we relate the cusp model to the growth models of Van Geert (1991 , 1998 and Eckstein (1999 Eckstein ( , 2000 , finite absorbing Markov models (Brainerd, 1979 (Brainerd, , 1985 , and finite mixtures of binomial distributions (Thomas & Lohaus, 1993; Thomas, Lohaus, & Kessler, 1999) . Finally, two important models from item response theory, Wilson's Saltus model (Wilson, 1989) and Mixed Rasch models (Rost, 1990 (Rost, , 1991 , are outlined. For reasons that will become apparent, we believe that the cusp model is to be preferred in modeling phase transitions.
Van Geert modeled development by means of logistic growth models (Van Geert, 1991 , 1998 . The growth in the dependent variable is autocatalytic and quantitative. Growth depends nonlinearly on the level of the dependent variable on the previous time point, a growth rate and a maximum level of the dependent variable. Although the model is explicitly gradualistic, the model can, according to Van Geert, account for important phenomena of discontinuous growth. It can describe stepwise shifts from one stage to another and the temporarily stable level that characterizes a stage. The logistic growth model can also account for bimodal distributions and a region of scores that are hardly occupied (inaccessible region). Van Geert concluded that the logistic growth model could give an accurate description of both continuous and discontinuous changes. Eckstein (1999 Eckstein ( , 2000 adjusted Van Geert's growth model (Van Geert, 1991) to make it applicable to cross-sectional data sets. To obtain this, the abilities of the subjects in the data set were modeled by means of a unimodal (e.g., normal or uniform) distribution. Despite the unimodal character of the ability distributions, the growth model can predict score distributions that are often bimodal. Eckstein concluded that the argument that bimodal distributions are strong evidence for discontinuous stagewise development is not necessarily true because the logistic growth model can also result in this kind of distribution. Both Eckstein (1999) and Van Geert (1998) contended that whether a process happens discontinuously or continuously depends on the size of the growth parameter. If the growth rate parameter is sufficiently large, growth can appear abrupt. If the growth rate parameter is sufficiently small, it can appear continuous. Hence, the logistic growth model is consistent with continuous as well as discontinuous changes. Eckstein argued that it is more informative to characterize the behavior of growth by a numerical parameter than to characterize it as either abrupt or continuous.
In absorbing Markov chains, both stable states and transitions between states are modeled. A finite number of states is assumed. Each state is defined by a probability correct and an initial proportion. These proportions change according to transition probabilities. Development takes place in upward allor-none transitions between states. These transitions correspond to abrupt change. Backward transitions are not allowed in absorbing Markov chains. Children's performance in the domains of length, number and quantity conservation (Brainerd, 1979) , class inclusion, and probability concepts (Brainerd, 1981 (Brainerd, , 1985 were well fit by Markov chains, with small numbers of states. Thomas and Lohaus (1993) and Thomas et al. (1999) modeled children's performance on horizontality (''water-level'') and verticality (''van'') tasks by means of mixtures of distributions. Each child's performance on these tasks is assumed to ''belong'' to one of the small number of components in the mixture. Each component corresponds to a state of performance, modeled by a binomial distribution. The component has a proportion parameter and a parameter that indicates the probability of giving a correct response. Generally, one component has a low probability parameter, whereas another component has a high probability parameter. Development occurs as a child's performance is classified into the component with the high probability parameter, after subsequently being classified as belonging to the component with the low probability parameter. Changes in performance must consist of all-or-none transitions. The components are similar to the states in Markov models.
Discontinuous change was also modeled via models of item response theory (IRT). Two examples are Wilson's Saltus model (Wilson, 1989; Mislevy & Wilson, 1996) and the Mixed Rasch model (Rost, 1990 (Rost, , 1991 . In IRT, an item characteristic curve describes the relation between a person's ability and the probability of answering an item correctly. In the Saltus model, separate curve functions are estimated for several modes of behavior, displayed by different groups of subjects. However, the differences between these modes of behavior are only quantitative. The Mixed Rasch model (Rost, 1990 (Rost, , 1991 is possibly a more promising model for discontinuous development. The model is actually a finite mixture distribution model because the total population is divided into a finite number of latent classes. Each class is characterized by qualitatively different behavior. The Rasch model describes the quantitative differences within classes, whereas the qualitative differences between classes emerge in a specific ordering of the items with respect to the difficulty of the item, conditional on the latent class. The differences between classes are not just quantitative, as the differences between the item characteristic curves of the Saltus model are, but qualitative.
All these models can describe or model important phenomena of discontinuous growth. However, none of the models covers all aspects of discontinuity, in contrast to catastrophe models. Van Geert's growth models are models of transient behavior toward an equilibrium, whereas catastrophe models are models of equilibrium behavior. In Van Geert's models only continuous accelerations occur, no bifurcations. Yet, a simple adjustment (a quadratic slowing down of the growth rate) of Van Geert's equations transforms Van Geert's model to a model the equilibrium behavior of which is in complete accordance with catastrophe models (see footnote 2 in Van der Maas & Molenaar, 1992 ). Yet, the model as it now stands only shows accelerations and consequently no hysteresis. The original model of Van Geert, and all models of accelerations, is inconsistent with the catastrophe model. Although Eckstein's model is able to predict the bimodality flag, Eckstein neglected catastrophe flags other than bimodality. It is easy to make the model consistent with catastrophe theory (by setting m ϭ 2 in Formula 3; Eckstein, 1999) . Her conclusion that Van Geert's growth model, in contrast to mixture models and catastrophe models, explains bimodality better because the parameters of the model are unimodally distributed is incorrect. The parameters of mixture models (unconditional and conditional probabilities) and of catastrophe models (normal and splitting parameters) are unimodally distributed, yet still give rise to bimodally distributed behavior.
The absorbing Markov models (Brainerd, 1979 (Brainerd, , 1981 (Brainerd, , 1985 , (binomial) mixture models (Thomas et al., 1999) , and the Mixed Rasch model (Rost, 1990 (Rost, , 1991 are much more consistent with the catastrophe approach. The modes of behavior are modeled by means of states (in Markov models), probability distributions (in mixture models), or classes (in Mixed Rasch models) and the transitions from one to another state are modeled in transition matrices. Finite binomial mixture models can be used to test for bimodality (Jansen & Van der Maas, 1997; Hosenfeld, Van der Maas, & Van den Boom, 1997 ; and the present article) and restricted finite mixture models could be used to test for several other flags (divergence, for instance) by means of techniques for advanced mixture modeling (Dolan & Van der Maas, 1998 ). Yet, the catastrophe approach demands the fulfilment of more criteria and is therefore more easily falsified. Moreover, the catastrophe approach has certain theoretical advances.
In Brainerd's commentary (1993) it is argued that catastrophe theory is not necessary to explain all-or-none transitions or abrupt change. It is stated that Markov models and mixture models are more restrictive because they assume both abruptness and stationarity. This is not a fundamental distinction because the restriction of stationarity can be left out in both approaches and alternatively can be added to stochastic catastrophe models. The standard catastrophe model already assumes some form of stationarity. Without this assumption, a linear or logistic model will fit the growth data sufficiently. In Markov modeling nonstationarity can be achieved by using certain types of nonstationary latent Markov models (see Langeheine, 1994) . Note also that Thomas and Lohaus (1993; Figs. 11 and 12) found nonstationarity of the conditional probabilities over time.
The important phenomena of these alternative models map with flags of the catastrophe model. The all-or-none transition maps with the sudden jump flag. The qualitatively different modes of binomial mixture models, or states of Markov models, or latent classes of the Mixed Rasch model, map with the bimodality flag and the inaccessible region flag of the catastrophe model. However, the catastrophe model includes additional phenomena: hysteresis, divergence, critical slowing down, divergence of linear response, and anomalous variance. Mixture models and absorbing Markov models do not predict these phenomena. Ergodic Markov models (Brainerd, 1981) might give hysteresis but we know of no concrete application based on ergodic Markov models. Even when such applications exist, there may be additional reasons to prefer the catastrophe model.
Catastrophe models, in contrast to mixture and Markov models, do not assume abruptness. Catastrophe models assume smooth surfaces of continuous variables; abruptness follows from the nonlinearity of the model. In this sense, catastrophe models explain, whereas other models describe, abruptness (Molenaar, 1986a (Molenaar, , 1986b . Catastrophe theory explains discontinuities as a product of critical points of nonlinear dynamical systems. The catastrophe model also would seem to be more in accordance with the idea of development by equilibration. Preference for the catastrophe model requires empirical evidence for flags that distinguish this model from mixture and Markov models. That is why we call bimodality, inaccessible region, and sudden jumps necessary, but not sufficient, criteria.
DETECTING CATASTROPHE FLAGS: EXPERIMENT 1
The cusp model predicts that catastrophe flags will emerge near a transition (Gilmore, 1981) . Detecting these flags, in the behavior of children, might be thought of as qualitative goodness-of-fit tests for the cusp model (Van der Maas & Molenaar, 1992) . Only children who employ Rule I and are close to a transition should display behavior in which these flags are manifested. Jansen and Van der Maas (1997) noted that the behavior of children using a rule for solving balance scale items is rather stable. A transition is expected only in a small, unknown, number of children.
In Experiment 1 we focused on the bimodality, inaccessible region, sudden jump, hysteresis, and divergence flags. Bimodality should be evident in the distribution of responses to a set of distance items, as illustrated in Fig. 2 . We expected to find two modes separated by scores of low frequency, which is the inaccessible region. The sudden jump flag is detected when the switch from Rule I to Rule II happens suddenly as a function of a continuous change in the distance difference.
Bimodality, inaccessible region, and sudden jump are necessary flags for the presence of a cusp catastrophe. However, these flags are not sufficient. The flags may also be found when development is characterized by a rapid acceleration because rapid acceleration also gives rise to bimodality and an inaccessible region of scores. Also, the difference between a sudden jump and a rapid acceleration is difficult to detect. Divergence and hysteresis are more decisive flags.
We can test for the presence of divergence by using two sets of distance items with the same distance difference, but different numbers of weights. The distributions of the number of correct items on these two sets can be compared. Divergence occurs when the bimodality of the distribution of the items featuring a small number of weights is less pronounced than the bimodality of the distribution of the items featuring a larger number of weights (see Fig. 2 ).
Hysteresis may be observed when the distance difference is alternately increased and decreased-specifically, when the jump downward to low performance on distance items occurs at a smaller value of distance difference than the jump upward. The presence of hysteresis is closely associated with a special condition called delay convention. This is depicted in the top left panel of Fig. 3 . The figure contains all hysteresis patterns that figure in the literature. The top right panel of Fig. 3 shows the Maxwell convention. This implies that the system always tries to move to the global minimum in the mathematical function of the cusp model, and both the jump upward and the jump downward occur at the same distance difference (Van der Maas & Molenaar, 1992) .
1 The lower left panel shows enhanced contrast: The jump downward occurs at a higher level of distance difference than the jump upward (Kelso, 1995, p. 204 ). This pattern is very unlikely according to the cusp model and we do not consider it as a demonstration of hysteresis. However, it is possible that children display such patterns. For example, if the transition from Rule I to Rule II is best described by a growth model (and not a cusp model), jumps upward and downward generally occur at the same value of distance difference. As a consequence, Maxwell patterns occur most often and patterns associated with the delay convention and enhanced contrast result from error. We tested this alternative explanation. Next, it is possible that children jump from Rule I to Rule II following an increase in distance difference, but do not return to Rule I when the distance difference is de- 1 The dependence of the behavior variable Z on the two control variables β and α, called the splitting variable and the normal variable, respectively, is denoted in the cusp function.
The equilibria of this function are found by setting its first derivative with respect to Z to zero.
FIG. 3. Hysteresis patterns.
creased. This pattern is depicted in the lower right panel of Fig. 3 . It is likely to occur because children may learn from the manipulation of the distance difference. They then continue to use the distance dimension when solving distance problems and switch permanently to Rule II. We classify this type of pattern as a ''jump upward.'' Theoretically, children may switch from using Rule II to using Rule I. As the distance difference increases, they may consistently use Rule II and as the distance difference decreases on the second half of the test, they may switch to using Rule I because the salience of the distance dimension diminishes. We did not include this kind of pattern because a ''jump downward'' is not very likely, considering the direction of development.
Increasing the distance difference in a number of steps involves repeatedly presenting the same kind of items to the children. Having responded repeatedly to the same item, the children may think that they are expected to vary their responses (Siegal, 1991) . It is possible that children alter their response following a change in the distance difference because they want to satisfy supposed experimenter expectations. An irrelevant variable was manipulated in the same manner to test this alternative hypothesis. The number of times that hysteresis occurs in both conditions was compared.
The above-mentioned catastrophe flags, bimodality, inaccessible region, sudden jump, hysteresis, and divergence, were investigated in the transition from Rule I to Rule II on the balance scale task with children in the 6-to 10-year-old range. The remaining three catastrophe flags were not studied. The sixth flag, divergence of linear response, implies that perturbations of the control variable near a catastrophe point lead to a large loss of stability and large oscillations of the behavioral variable. This flag is difficult to operationalize in this type of research (Van der Maas & Molenaar, 1992) . The seventh flag, critical slowing down, can also be studied when the control variables are perturbed near a catastrophe point. It implies that the behavioral variable requires a protracted time to reach a stable state following the manipulation. Because reaction times are needed to study this flag, it was not investigated here. The last flag, anomalous variance, implies that the variance of the behavioral variable becomes large in the neighborhood of a catastrophe point (Van der Maas & Molenaar, 1992) . This flag was not studied because we do not know which children are in the neighborhood of a catastrophe point.
Method

Participants
A balance scale test was administered to 314 children. This sample comprised 45 6-year-olds, 115 7-year-olds, 96 8-year-olds, 51 9-year-olds, 3 10-year-olds, and 4 children of unknown age. The average age was 8 years and 0 months (SD ϭ 11 months). The children were recruited from four primary schools in The Netherlands. The children came from lower-, middle-, and upper-class populations. Schools were recruited by telephone and sent a letter with information about the experiment. If requested by the school, parents were asked for written permission for their child's participation. In each class, the children were randomly assigned to the four conditions (Conditions A, B, C, and D).
Material
The administered scale was a paper-and-pencil test, but a real, wooden balance scale was used to explain the workings of a scale. On both sides of the fulcrum, there were four pegs. The balance was 60 cm long and the pegs were situated at equal distances (6.5 cm) from each other and the fulcrum. The weights that were placed on the pegs were flat square wooden blocks with a hole in the middle. A blocking pin near the fulcrum prevented the balance from tipping. The balance could move freely when the blocking pin was removed.
The paper-and-pencil test was a booklet consisting of 45 pages. Each page contained a balance scale item. The balance scale depicted in the booklets contained six pegs on each side of the fulcrum and a maximum of five weights was placed on one of the pegs at each side. The balance scale in the booklets had six pegs instead of four to increase the possible difference of the distances on the left and the right side of the fulcrum. The balance scale was 12 cm wide and 3 cm high.
Instructions. Children were required to write their names on the front page of the booklet. The second page contained a drawing of a balance scale without weights. The next page showed a cartoon, which was used to explain the workings of the balance scale. The cartoon showed that the blocking pin prevented the balance from tipping and that removing it might cause the balance scale to tip. The next two pages contained examples of balance scale items. The first example contained only one weight on the right side; the second example was a balance item. Figure 4 shows an example of a balance scale item. The displayed item is a distance item with a distance difference of 1.
Practice. The next four items were practice items. The responses to these items were not used in the analyses but were meant to provide children with an opportunity to get used to the format of the test.
Pretest and posttest. The pretest consisted of six items. The items were selected in order to assess the strategies used in solving balance scale problems, with a minimal number of items. Because our main focus was on distinguishing users of Rule I from users of more sophisticated rules, three distance items were used. Next, a weight item was selected to check if all children were at least employing Rule I. By selecting a conflict-weight item and a conflict-distance item, the more complex rules, such as Rule III, the addition rule (Normandeau et al., 1989) , and Rule IV, could be detected. Later in the test, the rules children employed were again assessed in a posttest. This test contained the same six items but the positions of the weights on each side were reversed.
Hysteresis manipulation. In a series of nine distance items, the normal variable of the cusp model of the balance scale was manipulated. On the first item, displayed in Fig. 4 , two weights were placed on both sides of the fulcrum. On the left side, the weights were placed on the first peg from the fulcrum. On the right side, the weights were placed on the second peg from the fulcrum. The distance difference therefore equaled 1. In the next items, the weights on the right side were shifted away from the fulcrum, one peg per item. On the fifth item, the weights were on the sixth (i.e., the most distant) peg from the fulcrum and the distance difference equaled 5. From the sixth item on, the weights on the right side were shifted back toward the fulcrum. In this manner, the distance difference was decreased until the difference equaled 1. This part of the test was designed to elicit hysteresis. In one version of the test, two weights were used on each side. In a second version, five weights were used on each side. If the cusp model can describe children's behavior on the balance scale and if the splitting variable represents the number of weights on the balance, an effect of the number of weights on the distance items is expected (see under ''Design'').
Control test. A control test was included to determine whether the children merely alternated responses on the hysteresis test as a consequence of the same type of items being presented a total of nine times. On the items of this test, an irrelevant feature of the balance scale, grayness of the weights, was manipulated. The color of the weights was varied from black to almost white in the first five items and white to black in the last four items. Again, in one version of the test, two weights were used on each side of the fulcrum, and in a second version, five weights were used on each side.
Divergence manipulation. The divergence test comprised the final six items. These items were all distance items. The number of weights on the balance was manipulated in these items. There was a single weight on both sides of the fulcrum on three of these items; on the three other items there were five weights on each side. The distance difference on all items was two. Table 2 summarizes the composition of the balance scale test in the four conditions. In the first condition (Condition A), the hysteresis test was presented after the pretest and the control test was presented after the posttest. In both the hysteresis and the control test, five weights were used on all distance items. In the second condition (Condition B), the same order of the hysteresis and control tests was used. The distance items of these tests contained two weights. In the third and fourth conditions, the control test was presented after the pretest and the hysteresis test was presented after the posttest. In the third condition (Condition C) two weights were used in the distance items, and in the fourth condition (Condition D) five weights were used.
Design
2
Procedure
The test was administered collectively by two experimenters. To a large extent, the procedure of Chletsos (1986) was followed. The experimenters put the wooden balance scale in a place where everybody could see it and handed out the booklets. They told the children that they were interested in children's predictions on the movement of a balance scale. They explained the equivalence of the wooden scale and the balance scales depicted in the booklets. The experimenters used the drawing of the balance scale and the cartoon, on large sheets of paper, to explain the workings of the scale. By means of the cartoon, the experimenters explained that a blocking pin prevented the balance from tipping. They asked the children what would happen if the pin were removed so that the balance could move freely. The experimenters demonstrated the procedure of marking an answer on two items, printed on large sheets of paper, in front of the classroom. The children were asked to circle a balance tilting to the left side if they thought that the scale would tip to the left, circle a balanced scale if they thought that the balance would stay in balance, and circle a balance tilting to the right if they thought that the scale would tilt to the right. They were encouraged to work along with the experimenters. The experimenters and the children completed two examples of balance scale items together. The experimenters emphasized that the children should circle only one of the responses. The children were asked to work with pencil and to erase any errors with an eraser. The experimenters discouraged cribbing by emphasizing that there were different versions of the test. The children were asked to work quietly by themselves and to start coloring the picture, on the last page of the test, only when they had completed all balance scale items. The introduction of the experimenters and the explanation of the test and procedure took about 15 min. On average, the children needed 10 min to complete the test.
Method of Analysis
To test the above-mentioned hypotheses, we needed to determine which rules children used at the pre-and the posttest and the number of children that showed hysteresis at the hysteresis and the control tests. In this section, we explain how this is done. Next, we explain how we test for the presence of divergence.
Children's responses were classified according to the rule used to solve the problems by means of latent class analysis (LCA). Jansen and Van der Maas (1997) demonstrated the usefulness of LCA in detecting strategies that children use on the balance scale task. The latent variable of LCA comprises a limited number of latent classes. In this case, the latent variable is the ability to reason proportionally, or more specifically, the ability to solve balance scale items. Each class of the latent variable corresponds to the use of a given rule: Rule I, Rule II, Rule III, and Rule IV. These rules are qualitatively distinct categories of ability. The latent classes are mutually exclusive (Heinen, 1996) . In carrying out LCA, the optimal number of latent classes has to be determined. The proportion of children in a given class is called the unconditional probability of that latent class. The probabilities of the responses to the manifest variables are determined by the latent class (or rule used) that the subject occupies. These probabilities are called conditional probabilities because they depend on the latent class the subject occupies.
For the analysis of the balance scale items, the false/correct responses to the items of both the pretest and the posttest were analyzed with a combination of explorative and confirmatory latent class analysis. In the explorative part of the latent class analysis, the number of latent classes was determined. This was done by increasing the number of classes until the expected frequencies of the model did not deviate significantly from the observed frequencies. Once the optimal number of latent classes was decided, hypotheses concerning the structure of the model were tested by introducing restrictions on the parameters. This was the confirmatory part of the latent class analysis.
The differences between expected frequencies and observed frequencies are expressed in the loglikelihood ratio (e.g., Azzelini, 1996) . Because our data sets were relatively small, we were not able to use the theoretical chisquare distribution to determine the fit of a model. Therefore, we used the parametric bootstrap method and reported bootstrapped p-values for the latent class models. This resampling technique results in an empirical distribution of the loglikelihood ratio.
3 Models can be compared by means of the BIC (Schwarz, 1978) whether the models are nested or not. The measure is a function of the number of parameters, the loglikelihood ratio, and the sample size. Small values of BIC characterize models that fit well and are parsimonious. Because we preferred parsimonious models, we focused on the BIC and not on the Akaike Information Index (AIC; Akaike, 1974) . The BIC is smaller for parsimonious models (Raftery, 1995) . The responses ob-3 When the data set is sparse (many cells in the frequency table have a low frequency), the fit measures do not follow the theoretical chi-square distribution and the average of the distribution is unknown. In this case, using the theoretical chi-square distribution cannot test the fit of a model. The parametric bootstrap method can be used to obtain an empirical distribution of the fit measures (Langeheine, Pannekoek, & Van de Pol, 1995; Van der Heijden, 't Hart, & Dessens, 1997) . By resampling data, generated using the estimated parameters of the model, bootstrapped fit measures are obtained. Counting the number of bootstrapped fit measures that are larger than the original fit measure results in a bootstrapped p value. This value, instead of the p value derived from the theoretical distribution, is used in this article. tained in the hysteresis tests were also subjected to latent class analysis. In this case a confirmatory latent class analysis was performed. A highly restricted model with 17 classes was fitted to the data. Table 3 shows this latent class model.
Items 1 through 9 are the hysteresis items. The first column contains the unconditional probabilities. These parameters, which represent the proportions of the latent classes, were estimated freely. The next nine columns contain the conditional probabilities. These are the probabilities of answering an item correctly, given membership in a latent class. These probabilities were denoted a and b. An a represented a high expected probability of answering an item correctly. This probability was expected to be close to 1. A low expected probability was denoted b. This probability was expected to be close to zero. An additional restriction we introduced was that b ϭ 1 Ϫ a.
The conditional probabilities for the first hypothetical class are printed in the first row. These were all expected to be low. Hence, they were denoted b. The children who employed Rule I were expected to have a low probability of answering the hysteresis items correctly. The second latent class shows a pattern of probabilities for the use of Rule II (or a higher rule in the hierarchy of rules). These conditional probabilities were all expected to be high. Note. p(l.c.) is the unconditional probability. Parameters that are indicated with the same letter are constrained to be equal. An a represents a high probability, b ϭ 1 Ϫ a; parameters indicated as ''free'' are estimated.
Hence, they were denoted a. The following six latent classes demonstrate patterns that correspond with delay hysteresis (see Fig. 3 ). Although the patterns differ, they all have the same interpretation. A jump from a low probability of answering a distance item correctly (conditional probability ϭ b) to a high probability (conditional probability ϭ a) occurs between items 1 and 5, and a jump downward to a low probability occurs between items 6 and 9. The hysteresis flag is manifest in the jump downward, to low probability, occurring at a smaller value of distance difference than the jump upward. The patterns of the next four latent classes correspond to Maxwell hysteresis. The jumps upward and downward occur at the same value of distance difference. The next four patterns show a jump from a low probability to a high probability on the first half of the test. This high probability is then maintained until the end of the hysteresis test. These classes are categorized as ''jump upward.'' Finally, the conditional probabilities of the last latent class were estimated freely. We expected that this latent class contained all residual patterns.
There were two important alternative models. A three-class alternative model excluded all hysteresis and sudden jump patterns. One class in this model consisted of children who used Rule I, another class consisted of children who used Rule II, and the third class was a residual class. This model was compared by means of the BIC indices to the 17-class model to test whether the addition of latent classes (corresponding to hysteresis, Maxwell, and sudden jump patterns) was required to explain the data. A 23-class alternative model included all ''enhanced contrast'' patterns. Enhanced contrast patterns include a jump from a low probability to a high probability of answering a distance item correctly between items 1 and 5 and a jump downward to a low probability between items 6 and 9. The jump downward occurs at a larger distance difference that the jump upward. The alternative 23-class model was also compared to the 17-class model to test the exclusion of latent classes corresponding to enhanced contrast.
The divergence flag was tested by comparing the distributions of the number of correct distance items employing one weight and five weights. The distributions were compared by means of a chi-square test. If divergence occurred, the difference between the distributions would be large and the value of the chi-square significant. The bimodality of the distribution was expected to be more pronounced for the distance items with five weights than for distance items with one weight. The distributions could also be modeled by means of a multigroup mixture of binomials.
Results
Rules
Children's responses to the pretest and to the posttest were classified into rules to study the relationship between rule use and behavior on the hysteresis test. Children's responses to the pretest were compared to the hypothetical response patterns of Rule I and Rule II. If an exact match of both patterns was required, 43% of the children showed a response pattern that was consistent with Rule I. If one deviation of the expected pattern was allowed, 50% of the children showed behavior that indicated the use of Rule I. The response pattern of 13% of the children was in full agreement with that expected under Rule II. If one deviation was allowed, 23% of the response patterns were in agreement with that expected under Rule II. Four percent of the children answered all items correctly. These results were similar to those of Siegler (1976 Siegler ( , 1981 .
In total, 302 children responded to all items of the pretest. Their responses were subjected to LCA. An α level of .05 was used for all statistical tests. Table 4 contains the fit measures for the latent class models at the pretest and the posttest. These results suggested that the restricted three-class model fitted adequately and that it provided a satisfactory combination of goodnessof-fit and parsimony. The parameters of the model are displayed in Table  5 . Parameters that were restricted to be equal had the same upper index.
The children in the first latent class (52%) failed the distance items and the conflict-distance item, but solved the weight item and the conflict-weight item correctly. This was the response pattern that was expected for children who employed Rule I. The children in the second latent class (39%) succeeded at all items except the conflict-distance item. This was expected in children who employed Rule II. The behavior of the children in the third latent class (9%) was difficult to interpret. They failed most items and performed below the level of children who employ Rule I. When the response patterns of the individual children in this class were inspected, some children Note. CW ϭ conflict-weight; CD ϭ conflict-distance; p(l.c.) ϭ unconditional probability. Parameters accompanied by the same superscript are constrained to be equal. For each latent class model the numbering of superscripts restarts. For the restrictions indicated with superscript 3 and superscript 5 in the model of the pretest and for the restrictions indicated with superscripts 2 and 4 in the model of the posttest, opposing categories of items are constrained to be equal: The probability of answering an item correctly is constrained to be equal to the probability of answering the other item incorrectly. N ϭ 302 for the pretest; N ϭ 305 for the posttest.
were just answering ''balance'' to all items, whereas others constantly said that the scale would tip to the side with the smallest number of weights. Siegler and Chen (1998) also observed such patterns. However, most of these children displayed inconsistent behavior in solving the balance scale problems. We defined this class as Rule 0.
For each response pattern, the probability that it belonged to a given latent class in the model was calculated. Children were assigned to the class for which this posterior probability was highest (McCutcheon, 1987) . Although the pretest contained the same items in the various conditions, the differences between conditions with respect to the rules the children employed were tested by means of loglinear analysis. The chi-square for the independence model was not significant [χ 2 (9, N ϭ 302) ϭ 5.38, p ϭ .80]; no effects were found of the number of weights in the hysteresis tests and no effects were found of the order in which the hysteresis and control test were presented.
On the posttest, 31% of the children showed a response pattern that exactly matched the pattern that was expected given Rule I. If one deviation was allowed, 37% of the children showed the Rule I pattern. Nineteen percent of the children demonstrated an exact Rule II pattern. If one deviation was allowed, 32% of the response patterns indicated the use of Rule II. Five percent of the children answered all the items of the posttest correctly.
A total of 305 children responded to all posttest items. The response pat-terns of these children were subjected to LCA. The fit measures of the latent class models of the posttest are given in Table 4 . These results indicated that, for the restricted four class-model, the expected frequencies did not deviate significantly from the observed frequencies. The estimated parameters of the model are given in Table 5 . The children in the first latent class (37%) answered the weight item and the conflict-weight item correctly, but failed all other items. This pattern was expected in children using Rule I. The children in the second latent class (32%) answered all items correctly, except the conflict-distance item. This pattern was expected for children using Rule II. The children in the third latent class (9%) failed nearly all items and were classified as Rule 0. The fourth latent class (21%) was not observed in the pretest. The response pattern showed high probabilities of answering the weight item and the distance items correctly, but probabilities of about .50 of answering the conflict items correctly. The response pattern of this class was closest to that of Rule III. Children were again assigned to the class for which their posterior probability was highest. Loglinear analysis was used to investigate the differences between conditions in the rules used at the posttest. As the chi-square of the independence model was not significant [χ 2 (12, N ϭ 305) ϭ 9.83, p ϭ .63], we concluded that effects of the factors ''order'' and ''weights on hysteresis test'' were absent.
Bimodality and Inaccessible Region
The bimodality flag was tested by examining the distribution of the number of correct answers on the pretest and the posttest. Consistent with Siegler's (1976) research, conflict-weight items were negatively correlated with other item types. Therefore, the scores on the conflict-weight items were excluded from the number of correct items. Figure 5 shows the distributions of the number of correct items on the pretest and the posttest.
The distribution of the number of correct items on the pretest displayed the expected bimodality. One mode was at one item correct: These were the children who were expected to use Rule I because they only succeeded at the weight item. The other mode was at four items correct. Children who used Rule II succeeded at the three distance items and the weight item and therefore obtained a score of four items correct. The posttest distribution was also characterized by modes at one and four items correct.
The effect of learning was studied by comparing the pre-and posttest distributions. The differences between the distributions were significant [χ 2 (5, N ϭ 314) ϭ 17.87, p ϭ .003]. The high chi-square was mainly caused by a difference in the frequency of one correct item. Significantly fewer children succeeded at only one item at the posttest, suggesting a transition from Rule I to other rules. Figure 6 contains the distribution of the number of correct items on the divergence test, which was also used to study bimodality. This test contained six distance items. The distribution of the number of correct answers on the divergence items was clearly bimodal.
The inaccessible region was also shown in these distributions: Scores of two and three items correct were relatively infrequent. It is not surprising that the scores in the inaccessible region sometimes occurred. Children may make occasional response errors and may occasionally guess. The distribution of the number of correct answers on the divergence items showed a more pronounced inaccessible region.
FIG. 6. Distribution of number of correct items on divergence test.
Divergence
We compared the distributions of the number of correct answers on the items featuring one and five weights to test whether bimodality was more extreme and fewer scores were found in the inaccessible region for distance items with more weights. A total of 141 children answered none of the items with one weight correctly, 17 children answered one item correctly, 32 children answered two items correctly, and 124 children answered all items correctly. A total of 130 children failed all items with five weights, 13 children answered one item correctly, 31 children answered two items correctly, and 140 children succeeded at all items. The two distributions did not deviate significantly [χ 2 (3, N ϭ 314) ϭ 1.97, p ϭ 0.58]. Also, a multigroup mixture of binomials was used to model the distributions. Both distributions showed modes at ''all items incorrect'' and ''all items correct.'' A model with similar probabilities for the components (but different proportions) in the two distributions fit the data well [LR (2, N ϭ 314) ϭ .61, p ϭ .74]. However, it was also possible to constrain the proportions of components [LR (3, N ϭ 314) ϭ 1.97, p ϭ .58] to be equal in the two distributions. The extra constraint did not result in a significant deterioration of fit [∆LR (1, N ϭ 314) ϭ 1.36, p ϭ .24]. The proportion of the first component was .47 and its probability was .03. The proportion of the second component was .53 and its probability was .93. Children responded in the same way to distance items featuring one weight as to distance items featuring five weights. The divergence hypothesis was not supported.
Hysteresis and Sudden Jump
The response patterns of the hysteresis items were analyzed by means of latent class analysis and by a strict rule assessment method to determine whether the manipulation of the variable distance difference resulted in hysteresis and sudden jumps from Rule I to Rule II.
LCA. The false/correct responses to the tests were analyzed. Children who missed one or more of the items of the hysteresis test were excluded from the data set. A total of 296 children responded to all items of the hysteresis test and a total of 294 children responded to all items of the control test. The responses to the hysteresis items and the control items were first analyzed separately. The responses were studied by means of a confirmatory latent class model as explained under ''Method. ' The addition of latent classes representing hysteresis patterns was required to achieve an acceptable fit to the hysteresis data. This difference between the latent class models for the hysteresis and control tests supported the hypothesis that children demonstrated hysteresis on the hysteresis test but not the control test. The expected frequencies of the 23-class model also did not deviate significantly from the observed frequencies on the hysteresis test [LR (485, N ϭ 296) ϭ 150.68, p ϭ .11]. This was not surprising because the model was an extension of the 17-class model. However, the BIC of the 17-class model was only 292.74, whereas the BIC of the alternative model was 298.63. We preferred the 17-class model because it was more parsimonious. The exclusion of latent classes associated with enhanced contrast patterns was allowed.
Rule assessment by LCA. The restricted 17-class model was used for the classification of the responses to the hysteresis items and the control items. We used the same model for both tests to compare the frequencies of the hysteresis classes on the tests. The expected frequencies for the restricted 17-class model did not deviate significantly from the observed frequencies [LR (487, N ϭ 590) ϭ 264.61, p ϭ .23]. The restricted 17-class model for all data is displayed in Table 6 .
The first column shows the proportions of the latent classes, which were estimated freely. The proportions of two latent classes were zero. A latent class model without these classes also fit the data. The goodness-of-fit of the model was equal to the goodness-of-fit of the model, including the two empty classes. The next nine columns show the conditional probabilities for each latent class. These corresponded to the probability of answering the hysteresis items correctly. The probability a (estimated freely; see Table 3) equaled .99 and the probability b equaled .01 (restricted to equal 1-a). Children were assigned to the most probable latent class as indicated by their posterior probabilities. The proportions of classifications that resulted from this classification are given in the first two columns of Table 7 .
Strict rule assessment. In this approach, the observed response patterns were compared to expected hysteresis patterns and included in the hysteresis category with which they agreed perfectly. If there was not a perfect match between the response pattern and any of the expected patterns, the pattern was assigned to a residual group. The same procedure was used with the data of the control test. The hysteresis patterns were divided into a delay category, a Maxwell category, a category of transitions from Rule I to Rule II without returning to Rule I (jump upward), a residual category, and a category of missing values. For example, the expected pattern of responses to hysteresis items, associated with Rule I, consisted of the consistent responses that the scale would remain in balance. Only when all nine responses Note. p(l.c.) is the unconditional probability. The first column displays the unconditional probabilities, which are estimated freely. The next nine columns contain the conditional probabilities. All estimated parameters with the value .99 are constrained to be equal. The estimated parameters with the value .01 are all constrained to equal 1 Ϫ .99. The parameters of the last latent class (''residual'') are estimated. N ϭ 590.
were ''in balance'' was the pattern of responses classified as Rule I. In the last two columns of Table 7 , the proportions of the categories of the hysteresis and the control test are displayed.
Hysteresis versus control test. The distributions of the two tests over the categories were compared by a chi-square test. The difference between the distributions of the hysteresis test and the control test was significant [χ 2 (6, N ϭ 314) ϭ 29.52, p ϭ .000] for the assessment based on latent class analysis. The difference between the two tests was also significant [χ 2 (6, N ϭ 314) ϭ 29.85, p ϭ .000] for the strict rule assessment. More children displayed patterns corresponding to delay hysteresis, Maxwell hysteresis, and jumps upward on the hysteresis test. Although jumps to the correct answer were also displayed on the control test, the number of such jumps was significantly smaller than that on the hysteresis test [χ 2 (1, N ϭ 42) ϭ 7.71, p ϭ .005, for the classification based on latent class analysis]. Moreover, patterns corresponding to Maxwell and delay hysteresis were virtually absent at the control test. Effect of condition. The effects of the order in which the hysteresis and control tests were presented and the number of weights used on the distance items in the tests were studied with loglinear analysis. The numbers of hysteresis patterns were compared between the conditions. The likelihood ratio chisquare for the independence model was not significant [LR (12, N ϭ 296) ϭ 9.52, p ϭ .66]. Thus, the order in which the hysteresis and control tests were presented did not affect the number of hysteresis patterns. Similarly, the number of weights featuring in the hysteresis test did not affect the number of hysteresis patterns. For the control test, the numbers of hysteresis patterns were also compared between the two conditions. The likelihood ratio chisquare of the independence model was significant [LR (10, N ϭ 294) ϭ 18.49, p Ͻ .05]. The order in which the hysteresis tests were presented affected the number of Rule II patterns. More Rule II patterns were obtained when the hysteresis test was presented first. The number of weights on the hysteresis tests did not affect the number of hysteresis patterns.
Relation between performance on pretest and on hysteresis test. Children who employed Rule I showed significantly more hysteresis patterns than children who employed other rules [χ 2 (2, N ϭ 286) ϭ 8.39, p ϭ .02] (Table  8 ). However, it should be noted that some children, who were classified as using Rule II on the pretest, showed hysteresis patterns. This is possible, according to the cusp model, because transitional children may show behavior associated with both modes (Van der Maas & Molenaar, 1992) .
Do delay convention patterns result from Maxwell convention patterns?
The values of the distance difference on the jump upward and downward were compared using the data of children who demonstrated a jump upward on the first half and a jump downward on the second half of the hysteresis test. This analysis included the patterns associated with the delay convention, Maxwell convention, and enhanced contrast. If the null hypothesis were true, and all hysteresis patterns were Maxwell patterns with error, the expected values of the normal variable should be equal for the jump upward and down- ward and the average value of the difference between the values of the normal variable should be zero. The alternative hypothesis, that patterns associated with the delay convention constitute a separate class of patterns, implies that the value of the normal variable is higher for the jump upward than for the jump downward and that the average value of the difference between these values is larger than zero. This null hypothesis was tested by means of a one-sample one-tailed t test, and it was rejected [t ϭ 2.037 (N ϭ 24), p ϭ .03]. Second, if all hysteresis patterns were Maxwell patterns with error, the expected sum of correct answers on the first half of the hysteresis test should equal the expected sum of correct answers on the second half. This null hypothesis was tested by means of a paired one-tailed t test, and it was rejected [t ϭ Ϫ2.037 (N ϭ 24), p ϭ .03]. These results indicated that patterns associated with the delay convention were not Maxwell patterns plus error but constituted a distinct class of patterns. Posttest performance. The above results suggested the presence of the ''sudden jump'' flag. The responses of children who employed Rule I were studied separately for the conditions in which the hysteresis test was presented first. Of the 82 children who received the hysteresis test first and who employed Rule I on the pretest, 14 children displayed a jump upward. Of these children, most children employed a more complex rule on the posttest: Nine used Rule II and 2 used Rule III. One child did not respond to all items of the posttest, 1 child employed Rule 0, and 1 child employed Rule I on the posttest. In summary, most children who employed Rule I on the pretest and who showed a sudden jump on the hysteresis test employed a more complex rule on the posttest.
DETECTING CATASTROPHE FLAGS: EXPERIMENT 2
In Experiment 2, we focused on the hysteresis flag. In Experiment 1, hysteresis was observed as the distance difference was first increased and then decreased-specifically, the jump downward occurred at a smaller value of distance difference than the jump upward. We conducted Experiment 2 to test whether this hysteresis pattern was an artifact of the order in which the items were presented. In Experiment 2, the order of the items was reversed. We studied the changes that occurred as the distance difference was first decreased and then increased. This means that the cusp surface was crossed, first, from right to left and, next, from left to right.
According to the cusp model, the following response patterns are possible. Most children will consistently use Rule I or Rule II. Some children will jump from Rule II to Rule I when the distance difference is decreased. When increasing the distance difference again, they may jump from Rule I back to Rule II. The value of the distance difference at which the children jump should be smaller for the downward jump than for the upward jump. This is the delay pattern (Fig. 3) . Another possibility is that the jumps upward and downward occur at the same value of distance difference. This is the Maxwell pattern (Fig. 3) . Finally, we predict that some children who use Rule I jump to Rule II when the distance difference is increased. This means that they will use Rule I when the distance difference is decreased and jump to using Rule II when the distance difference is again increased. Theoretically, the model allows for children to switch from using Rule II to using Rule I when the distance difference is decreased and keep using Rule I even though the distance difference is increased. We supposed that such a ''jump downward'' was not very likely, considering the direction of development, and we did not include this pattern in the analysis of the response patterns.
There was no control test in Experiment 2. The results from Experiment 1 already showed that the effects were not due to repeated presentation of the same type of item. Because we wanted to focus on the hysteresis flag, and the divergence manipulation did not have significant effect, there was no divergence manipulation in Experiment 2.
Method
Participants
The balance scale test was administered to 302 children. This sample comprised 1 5-year-old, 54 6-year-olds, 111 7-year-olds, 77 8-year-olds, 55 9-year-olds, and 4 10-year-olds. The average age was 7 years and 11.5 months (SD ϭ 11.6 months). The children were recruited from four primary schools in The Netherlands. The children came from middle-and upper class populations. Schools were recruited by telephone. In each class, the children were randomly divided over Conditions A and B.
Material
Again, the administered test was a paper-and-pencil instrument and a wooden balance scale was used to explain the workings of the scale. The paper-and-pencil instrument was a booklet that consisted of 28 pages. The instructions, practice, and pretest were the same as those used in Experiment 1.
Hysteresis manipulation. In a series of 13 distance items, the distance difference was manipulated. There were two types of series. The number of weights on each side of the fulcrum for all items was two. The first 9 items of the first series were similar to the hysteresis test of Experiment 1. The distance difference of the first item was 1. In the next items, the weights on the right side were shifted away from the fulcrum. On the fifth item, the weights were on the sixth peg from the fulcrum and the distance difference equaled 5. From the sixth item on, the weights on the right side were shifted back toward the fulcrum until the difference equaled 1. In items 10 through 13, the pegs on the right side were again shifted away from the fulcrum until the distance difference equaled 5. So, the distance difference ascended, descended, and then ascended again.
In the second series, the manipulation of the distance difference was reversed. On the first item, the weights on the left side were placed on the first peg from the fulcrum. The weights on the right side were placed on the sixth (furthest) peg from the fulcrum and the distance difference equaled 5. In the next items, the weights on the right side were shifted toward the fulcrum, one peg per item. On the fifth item, the weights were on the second peg from the fulcrum and the distance difference equaled 1. From the sixth item onward, the weights on the right side were shifted away from the fulcrum. In this manner the distance difference was increased until it equaled 5. From the tenth item on, shifting the weights on the right side toward the fulcrum again decreased the distance difference. On the last, thirteenth, item, the distance difference equaled 1.
Design
The first version (Condition A) included the hysteresis series in which the distance difference ascended, descended, and ascended again, whereas the second version (Condition B) included the hysteresis series in which the distance difference descended, ascended, and descended. The series followed the pretest.
Method of Analysis
The false/correct responses to the pretest and to the hysteresis tests were subjected to LCA. We applied the combination of the explorative and confirmatory approach to the pretest responses. We analyzed the responses to the ascending-descending part (the first nine items of version A; the last nine items of version B) and the responses to the descending-ascending part (the last nine items of version A; the first nine items of version B) separately. By combining the data of the two versions, we assumed that the different versions did not result in different response patterns. This assumption was subsequently tested. The restricted model of 17 classes was fitted to the responses to the ascending-descending part. A similar restricted model, also of 17 classes, was fitted to the responses to the descending-ascending part. Note. p(l.c.) is the unconditional probability. Parameters that are indicated with the same letter are constrained to be equal. An a represents a high probability, b ϭ 1 Ϫ a; parameters indicated as ''free'' are estimated.
The hypothesized latent classes of this 17-class model are displayed in Table 9 .
Items 1 through 9 are the items of the descending-ascending part. The first column contains the unconditional probabilities that were estimated freely. The next nine columns contain the conditional probabilities. Again, an a denoted a high expected probability and a b denoted a low expected probability. The restriction that b ϭ 1 Ϫ a was also used in this model. The conditional probabilities of the last latent class (residual) were estimated freely.
The first latent classes represent the use of Rule I and Rule II. The following six latent classes demonstrate patterns that correspond with the delay convention. Children in these latent classes switch from using Rule II to using Rule I as the distance difference decreases on the first half of the series. They switch to using Rule II as the distance difference increases again on the second half of the series. The jump downward (to Rule I) occurs at a lower value of distance difference than the jump upward. The next four latent classes include patterns that correspond to Maxwell hysteresis. Both the jump downward and the jump upward occur at the same value of distance difference. Finally, there are four latent classes that are associated with a jump from Rule I to Rule II. That is, children use Rule I as the distance difference decreases on the first half of the test, but they switch to Rule II as the distance difference increases. We call this pattern the ''jump upward.'' There were two important alternative models. A three-class model included only Rule I, Rule II, and a residual class. The fit measures of this model were compared to the fit measures of the 17-class model to decide whether it was necessary to include classes associated with hysteresis to describe the data accurately. The second alternative model consisted of 23 classes. This model contained all classes of the 17-class model and 6 latent classes that corresponded to enhanced contrast patterns. The fit measures of the models were compared to decide whether to exclude enhanced contrast classes.
Results
Rules
Children's responses to the pretest were classified by means of LCA. A total of 295 children responded to all items of the pretest. Table 10 contains the fit measures of the latent class models for the pretest.
The expected frequencies of the restricted four-class model did not deviate significantly from the observed frequencies and the BIC was also low for this model. Table 11 contains the parameters of the restricted four-class model of the responses to the pretest.
The children in the first latent class (47%) answered the weight item and the conflict-weight item correctly, but gave wrong answers to the distance items and the conflict-distance item. This pattern conforms to Rule I. The children in the second latent class (40%) answered all items, except the conflict-distance item, correctly. This pattern conforms to Rule II. The third latent class (9%) was not expected here and not observed on the pretest of Experiment 1. The conditional probabilities of answering the distance items correctly were rather high. Surprisingly, the probability of answering the weight item correctly was low. Also the probability of answering the conflict- Note. CW ϭ conflict-weight; CD ϭ conflict-distance; p(l.c.) ϭ unconditional probability. Parameters accompanied by the same superscript are constrained to be equal. For each latent class model the numbering of superscripts restarts. For the restrictions indicated with superscripts 1 and 2, opposing categories of items are constrained to be equal: The probability of answering an item correctly is constrained to be equal to the probability of answering the other item incorrectly. N ϭ 295.
weight item was low, much lower than the probability of answering the conflict-distance item correctly. It was difficult to explain the behavior of the children in this latent class. The fourth latent class (3%) was similar to Rule 0 in Experiment 1. The children in this latent class answered none of the items correctly. The parameter estimates are not presented here, to save space, but the model was very similar to that of the hysteresis test of Experiment 1. The expected low probability was estimated at .01, whereas the expected high probability was estimated at (1 Ϫ .01 ϭ) .99. Children were assigned to the most probable latent class. The proportions of classifications that resulted from this classification are given in the first column of Table 12 . This classification did not significantly differ from the classification for the hysteresis test of Experiment 1 [χ 2 (6, N ϭ 616) ϭ 7.67, p ϭ .26]. Strict rule assessment. The observed patterns were compared to the expected patterns and included in the category with which they agreed perfectly. If there was no perfect match, the pattern was assigned to a residual Table 13 .
Children were assigned to their most probable latent class. The proportions of classifications are given in the first column of Table 14 .
Strict rule assessment. The observed patterns of the descending-ascending series were compared to the theoretically expected patterns. A child was assigned to the category with which its response pattern agreed perfectly. The second column of Table 14 shows the resulting proportions of the categories. The proportions of the categories of the hysteresis patterns were low. In total, only 4% of the children demonstrated a pattern that is associated with the Maxwell convention or the delay convention. Still, the latent classes associated with hysteresis patterns were necessary and the distribution of the responses to the descending-ascending series was significantly different from the distribution of responses to the control test of Experiment 1 [χ 2 (7, N ϭ 616) ϭ 22.78, p Յ .002]. The difference was caused mainly by the larger number of response patterns associated with the Maxwell convention on the descending-ascending series of Experiment 2. Note. p(l.c.) is the unconditional probability. The first column displays the unconditional probabilities, which are estimated freely. The next nine columns contain the conditional probabilities. All estimated parameters with the value .99 are constrained to be equal. The estimated parameters with the value .01 are all constrained to equal 1 Ϫ .99. The parameters of the last latent class (''residual'') are estimated. N ϭ 290.
Effect of condition.
Half of the children responded to the ascendingdescending series first, and half responded to the descending-ascending series first. The distributions for the ascending-descending series and the descending-ascending series did not differ significantly between conditions [χ 2 (6, N ϭ 291) ϭ 7.45, p ϭ .28, for the ascending-descending series; χ 2 (6, N ϭ 290) ϭ 8.89, p ϭ .20, for the descending-ascending series]. Note. N ϭ 302.
Conclusion
The classification of the responses to the ascending-descending series was very similar to the classification of the responses to the hysteresis test in Experiment 1. Experiment 2 served partly as a replication, and it was important to note that hysteresis was observed in both experiments. In Experiment 2, children were also presented with the descending-ascending series to study whether they would also demonstrate hysteresis patterns when order of the manipulation of the distance difference was reversed. Although there were only a few children who showed a delay convention pattern, there was a small, but significant number of children who demonstrated a Maxwell convention pattern. Most of these patterns consisted of correct responses to all distance items but the middle one (see Table 13 ), which was the item with the smallest distance difference. We hypothesize that it was necessary to decrease the distance difference to a very small value to produce a switch from Rule II to Rule I. Increasing the distance difference only slightly caused children to immediately switch back to Rule II. This result suggests that only very small values of distance difference can obstruct the ability to encode distance.
DISCUSSION
In this article we focused on the development from Rule I to Rule II on the balance scale task. We hypothesized that the development takes place discontinuously. Several models for discontinuity propose quite similar criteria. First, a discontinuous development consists of a limited number of states that explain the behavior of children of a broad age range. For example, the behavior of children (and adults) concerning the conservation of continuous quantity and class conclusion can be modeled by means of only three states (Brainerd, 1979 (Brainerd, , 1985 . The behavior of the children on the balance scale task was described by means of a latent class model of three classes (pretest in Experiment 1) and four classes (posttest in Experiment 1, pretest in Experiment 2). One of the classes corresponded to children who used Rule I and another corresponded to children who used Rule II. The remaining classes were less complex than Rule I or more complex than Rule II. The different states were also observed in the frequency distributions of the number of correct responses to the distance items on the pretest, posttest, and the divergence test. The distributions of these tests showed modes at the scores that were expected from the use of Rule I and Rule II. The distributions resembled mixtures of two components. Identifying mixtures of components takes place in finite mixture analysis, applied by, among others, Thomas and Lohaus (1993) and Thomas et al. (1999) .
A second criterion for discontinuous development is the absence of behavior between states. Both the latent class analyses and the distributions of number of correct distance items showed that the scores between states were of low frequency.
When development is discontinuous, a sudden jump from one state to another is expected. Brainerd (1979 Brainerd ( , 1981 Brainerd ( , 1985 models the sudden jump with Markov transition matrices, and Thomas et al. (1999) use similar transition matrices. In acceleration models (e.g., Van Geert, 1991 , 1998 Eckstein, 1999 Eckstein, , 2000 , the sudden changes are expressed as a function of the independent, continuously changing, variable ''time.'' In our research, sudden changes on the balance scale test were expected to be caused by continuous improvements in the ability to encode the distance dimension. Because we cannot directly manipulate this variable, we changed a feature of the test (distance difference) in order to facilitate and impair the encoding of distance. The latent class analyses of the parts of the test in which distance was manipulated showed that (some) children jumped suddenly from the incorrect answer to the correct answer as this variable increased. It should be noted that a very small number of children also showed a sudden jump when the grayness of the weights on the balance scale test was manipulated in the control test. This means that merely presenting children distance items may cause them to notice the distance dimension and use it in their solution strategy. However, the number of jumps on the hysteresis test was significantly greater than the number of jumps on the control test. The reverse sudden jump was also observed. A small number of children jumped from the correct to the incorrect answer as the distance difference decreased (in Experiment 2).
All these criteria can be described by the cusp model, Markov models (Brainerd, 1979 (Brainerd, , 1981 (Brainerd, , 1985 as well as finite mixtures of binomials (Thomas & Lohaus, 1993; Thomas et al., 1999) . The criteria are necessary but not sufficient to distinguish phase transition from acceleration. Only the cusp model can explain a genuine phase transition, caused by continuous changes in two independent variables, the splitting variable and the normal variable. Five other criteria, so-called catastrophe flags, can be derived from the cusp model (Gilmore, 1981) : divergence, hysteresis, critical slowing down, divergence of linear response, and anomalous variance. The experiments in this study were mainly concerned with the divergence and hysteresis flags. Finding evidence for these flags supports the hypothesis that the cusp model describes the transition from Rule I to Rule II.
The divergence flag was studied by manipulating the number of weights on the balance scale. It was expected that increases in the number of weights would cause a more extreme difference between Rule I and Rule II. However, children responded in the same way to distance items featuring one and five weights. Rule I users answered all items incorrectly, whereas Rule II users succeeded at all items. This does not necessarily falsify the cusp model. It might be that the choice of the splitting variable, or the choice of the manipulation of the splitting variable, was not correct. In the balance scale test, all divergence items were presented at the end of the test. The presentation of so many distance items in the hysteresis and control tests may have trained the children in solving distance items. Both children who employed Rule I and children who employed Rule II maintained the rule they were using, despite differences on the weight dimension. Moreover, all divergence items were presented in a single block. A difference between the responses on items with five and with few weights may have emerged if the items had been distributed throughout the test. In addition, a more extreme difference between the two versions of distance items may result in divergence. Finally, other variables than the number of weights may define the splitting axis. We propose that the abilities to count the number of weights on a distance item and to compare the amounts of both sides are important to execute both Rule I and Rule II. Errors in the execution of both strategies may occur when a child's numerical abilities are poor. The errors may give rise to scores in the inaccessible region and a gradual transition from Rule I to Rule II may be possible (see Fig. 1 ). The execution of a rule may occur with fewer errors as numerical abilities improve. The difference between Rule I and Rule II will then become more pronounced and the distribution of the scores on the distance items will display bimodality. Like the encoding of the distance dimension, numerical abilities cannot easily be manipulated in children. However, manipulation of the stimulus material is again possible. For example, increasing the number of weights that feature in a distance item may increase the difficulty of counting the weights.
The cusp model as description of the transition from Rule I to Rule II is not rejected because of the evidence for the hysteresis flag in these experiments. Detecting the flag in cognitive developmental research is difficult because developmental transitions are unidirectional and progressive. To detect hysteresis, changes on both the behavioral variable and the causal (normal) variable need to be reversed. In this experiment, the normal variable represented encoding the distance dimension. The variable was (indirectly) manipulated by manipulating the distance difference on distance items. When the variable was increased, a number of children switched from answering ''balance'' to answering distance items correctly. When distance difference was subsequently decreased, some children again answered distance items incorrectly. For a number of children, this jump downward occurred at a lower level of the independent variable distance difference than the jump upward. This is the hysteresis pattern that is associated with the delay convention. Likewise, hysteresis was observed as the distance difference was alternately decreased and increased. A small number of children switched from using Rule II to using Rule I as the distance difference decreased. When the distance difference was increased again, they switched back to using Rule II. Hysteresis was observed when the jump downward occurred at a smaller value of distance difference than the jump upward.
It may be argued that the delay pattern is just an order effect. However, it is an order effect that is explained and predicted by the cusp model. In growth models, the order effect is not expected. Other models (Markov mod-els, for example) might be able to describe the order effect, but they do not explain it. Hysteresis follows from the equations in the cusp model. It is an important and decisive phenomenon that characterizes a sudden jump during phase transition.
Another possibility is that the delay pattern is a result of a confound in the experiment. Only jumps to a higher level of performance can occur when a child starts with a low level of performance. The hysteresis pattern may result from the design of Experiment 1 in which the distance difference was first increased and then decreased. To meet this criticism, we conducted Experiment 2 in which the order of manipulation of distance difference was reversed. Although weak, the hysteresis effect was again observed.
According to acceleration models (Eckstein, 1999 (Eckstein, , 2000 Van Geert, 1991 , 1998 , the jump upward and the jump downward occur at the same value of the independent variable. This pattern corresponds to the Maxwell convention. Because of measurement error, delay patterns may occur. Likewise, patterns associated with enhanced contrast may also occur. If this is the case, patterns may be falsely interpreted as delay hysteresis. This hypothesis was rejected because the sum of correct answers on the half of the test with increasing distance difference was, on average, larger than the sum of correct answers on the half of the test with decreasing distance difference. Also, the jump upward occurred, on average, at a larger value of the normal variable than the jump downward. We conclude that delay hysteresis constitutes a unique class of patterns and is not just an artifact of Maxwell hysteresis.
Besides delay hysteresis, hysteresis patterns associated with the Maxwell convention were observed. Although this kind of hysteresis is a less convincing sign of discontinuous development than delay hysteresis, the pattern is expected when delay hysteresis is observed. Delay hysteresis is only expected when the conditions are optimal. For example, the transition from water to ice and vice versa will, in normal conditions, both occur at 0°C. Only in shock free conditions will water freeze at Ϫ4°C and thaw at 0°C. Likewise, the jumps upward and downward on performance in distance items will only occur at different values of distance difference when the situation is perturbation free. Perturbation free situations are difficult, if not impossible, to achieve in this type of research. Further research should be aimed at achieving such perturbation free situations in which variables can be independently manipulated.
It turned out to be very difficult to detect hysteresis when first decreasing and then increasing the distance difference. Decreasing the distance difference hardly affected the ability of encoding distance for children who already mastered the ability. The distance difference had to be decreased to the smallest value before children switched from Rule II to Rule I. When the distance difference was only slightly increased, children immediately jumped upward to Rule II. This may have caused the relatively large number of Maxwell convention patterns in Experiment 2. These patterns are expected when de-velopment is described accurately by growth models. However, growth models cannot explain the hysteresis effects we observed when distance difference was first increased and next decreased.
The evidence for the presence of four of the five criteria of the cusp model supports the hypothesis that this model describes the transition from Rule I to Rule II on the balance scale task. However, the evidence is not yet conclusive, and the data presented in this article do not yet make a definitive case for preferring the cusp model over other models of discontinuous growth, such as Markov chains and distributional mixtures. Further research should focus on designs that maximize the chance of detecting hysteresis, divergence, and other catastrophe flags. More evidence for these flags that distinguish the cusp model from other models of discontinuous growth is needed to conclude that the cusp model gives a more adequate description of discontinuous developmental change.
